There are two main results. The first states that isotropy subgroups of groups acting transitively on a rationally hyperbolic spaces have infinitely generated rational cohomology algebra. Using this fact, we prove that the analogous statement holds for groups of symplectomorphisms of certain blow-ups.
Introduction
Let G be a topological group acting effectively and transitively on a topological space X. Denote by G pt the isotropy subgroup for the point pt ∈ X. Let's consider the following evaluation fibration associated with the action
Here ev(φ) = φ(pt), where pt ∈ X is a point. Our first aim is to prove the following Theorem 1.1 If a topological group G acts transitively on a simply connected rationally hyperbolic space X, then the rational cohomology of the isotropy subgroup of a point H * (G pt ; Q) is infinitely generated as an algebra.
The proof uses several known facts from rational homotopy theory and here we sketch the argument. The first step is to show that the map induced by the evaluation on homotopy groups has a finite dimensional image. This is achieved by the application of the Gottlieb theory (Theorem 2.4) under the assumption that the space X has finite Lusternik-Schnirelmann category. The second step is to use the existence of an exact sequence of, so called, dual rational homotopy groups (Theorem 2.3) associated to the fibration. Then it follows from the first step that all but the finite dimensional part of the rational homotopy of X comes from the rational homotopy of the isotropy subgroup. Since X is rationally hyperbolic, i.e. its rational homotopy is infinitely dimensional, then so does the rational homotopy of the isotropy subgroup. Topological groups are H-spaces, thus their dual rational homotopy generates the rational cohomology and we obtain that the latter must be infinitely generated as an algebra.
As an application of the above result we prove the following Theorem 1.2 Let (M, ω) be a compact simply connected symplectic 4-manifold which is neither rational nor ruled surface up to blow up. Suppose that b 2 = dim H 2 (M ) > 2. Then the rational cohomology H * (Symp( M ε )) of the symplectomorphism group of the symplectic blow up of (M, ω) is infinitely generated (as an algebra), for every sufficiently small ε > 0.
In all known (very specific) examples, the rational cohomology rings of symplectomorphism groups are finitely generated [AB, AM] . The above result shows that topology of groups of symplectomorphisms is complicated in general. 
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Rational homotopy methods
This section is devoted to recalling some facts and notions of rational homotopy theory. We refer to [AP, Fe, FHT] for detailed exposition.
Minimal models
Given connected topological space X, there is associated a free differential graded algebra M X = (ΛV, d) such that 1. there exists a basis {v α } α∈J of V for some well ordered set J such that
where ΛV <α is a subalgebra in ΛV generated by all v β for β < α, 2. there exists a DGA-morphism ϕ X : M X → A(X) which induces an isomorphism on cohomology. Here A(X) denotes Sullivan's rational forms. M X is called a minimal model of X.
The idea of minimal models can be extended to fibrations. Namely, one may try to write a minimal model of the total space of a fibration in terms of the minimal models of the fiber and the base. While this fails in general, however, it gives a certain model of the fibration as stated in the following result [AP, Theorem (2.5 
A(π)
Dual rational homotopy groups
Let M X = (ΛV, d) be a minimal model of the space X. Recall that V = k>0 V k is the graded rational vector space. The subspaces V k are called the dual rational homotopy groups of X and denoted by Π k (X). Notice that Π * is a contravariant functor from the category of path connected topological spaces to the category of graded rational vector spaces (see [AP] for details). The next two theorems are also taken from the book [AP] (Theorem (2.3.7) and Corollary (2.5.2)).
Theorem 2.2 Let X be a nilpotent space of finite Q-type
3 . Then for each k ≥ 2, there is a natural isomorphism
Furthermore, this holds for k = 1, provided that π 1 (X) is abelian.
Theorem 2.3 Under the conditions of Theorem 2.1, there is a long exact sequence of dual homotopy groups
0 → Π 1 (B) → Π 1 (E) → Π 1 (F ) → Π 2 (B) → . . . → Π k (B) → Π k (E) → Π k (F ) → Π k+1 (B) → . . .
Gottlieb theory
Let X be a path connected topological space and HE(X) be the space of selfhomotopy equivalences of X. Then we have the evaluation map ev : HE(X) → X. The images of the homomorphisms induced by the evaluation on homotopy groups were first studied by Gottlieb [Got1, Got2] , now called the Gottlieb subgroups. We denote them by
To formulate the next result we need the notion of the Lusternik-Schnirelmann category of a space. The LS category of X, denoted cat(X), is the least integer m (or ∞), such that X is the union of m + 1 open subsets contractible in X. The following theorem is an easy consequence of Proposition 28.8 in [FHT] .
Theorem 2.4 Suppose that X is a simply connected topological space of finite category. Then
3 The rational dichotomy and proof of Theorem 1.1
Suppose that X is simply connected and has the homotopy type of a finite CWcomplex. Let G is a connected group acting transitively on X with the isotropy group of a point pt ∈ X denoted by G pt .
Theorem 3.1 With the above notation, there is the following estimate
Proof: The assumption are made in order to apply Theorem 2.1 and 2.3 to the evaluation fibration
Thus Theorem 2.3 implies that there exists the following exact sequence
Since X is up to homotopy a finite CW-complex, then it has finite LS-category. It follows from Theorem 2.4 that dim G * (X) ⊕ Q is finite, hence ev
is trivial for k big enough. Now the statement follows from the exactness of the sequence of dual homotopy groups.
The rational dichotomy discovered by Félix [Fe, FHT] states that if X is an ndimensional simply connected space with the rational cohomology of finite type and finite category, then either its rational homotopy is finite dimensional or the dimensions of rational homotopy groups grow exponentially. In the first case the space is called rationally elliptic and in the second rationally hyperbolic. As in other branches of mathematics, hyperbolicity is in a sense a "generic" feature. This is illustrated in the following Proposition 3.2 If X is rationally elliptic then
2. χ(X) ≥ 0, where χ denotes the Euler characteristic.
Proof of Theorem 1.1: Since G pt is a topological group then its rational cohomology is freely generated its by dual rational homotopy. If X is rationally hyperbolic then Theorem 3.1 implies that the dual rational homotopy is of infinite dimension.
Example 3.3 Let X be a 4-dimensional simply connected finite CW-complex. Then it follows form the basic properties of the Lusternik-Schnirelmann category that cat(X) ≤ 2. Now the above proposition implies that if π 2 (X)⊗Q ≥ 3, then X is rationally hyperbolic. Thus every simply connected 4-manifold X, whose b 2 (X) := dim H 2 (X; Q) ≥ 3 is rationally hyperbolic. By Theorem 1.1, we get that if a topological group acts transitively on X then the isotropy subgroup has infinitely generated rational cohomology.
4 The cohomology of a symplectomorphism group is infinitely generated
The argument
In this section we prove Theorem 1.2. We need to introduce some additional notions. Let B ε be the standard symplectic ball of capacity ε and Symp(M, ω) denote the component of the identity in the group of symplectomorphisms of (M, ω). Notice that since M is simply connected, then Symp(M, ω) = Ham(M, ω) the group of Hamiltonian symplectomorphisms. We also need the following:
• Symp U(2) (M, B ε ) is the subgroup of Symp(M, ω) consisting of elements acting U (2)-linearly on B ε .
• Emb U(2) (B ε , M ) is the set of symplectic embeddings of the ε-ball into (M, ω) modulo the U (2) reparametrizations of the source.
Consider the following commutative diagram of fibrations
The argument is split into several lemmas, which we shall prove in the next section. 
Lemma 4.3 In the above diagram, the map f induces a surjection on rational homotopy groups, except π 2 on which it depends on the first Chern class of (M, ω).
Proof of Theorem 1.2: Consider the long exact sequences of homotopy groups.
Theorem 2.4 implies that the rank of the image of the connecting homomorphism π * +1 (M ) → π * (Symp(M, pt)) is infinite. Thus, according to Lemma 4.3, the same is true for π * +1 (Emb
The statement of the theorem follows immediately from Lemma 4.2 and the proof of Theorem 1.1.
Proofs of the lemmas
Proof of Lemma 4.1: This essentially Theorem 4.39 in [MS] . First, it is clear that there exists exceptional sphere which is embedded for any generic J. According to the criterion of Hofer, Lizan and Sikorav [HLS] we see that it is regular. It is also unique due to positivity of intersections.
Suppose that for some J the class E of the exceptional sphere is represented by some cusp-curve C i . Then 1 = C 1 (E) = c 1 (C i ) which implies that for some i c 1 (C i ) ≥ 0. Now Theorem 4.39 in [MS] says that (M, ω) is a blow up of a rational or ruled surface which is excluded by the hypothesis (cf. Proposition 2.6 in [LP] ).
Proof of Lemma 4.2: This was proved by Lalonde and Pinsonnault in [LP] Lemma 2.3 and 2.4.
We need some preparation to prove Lemma 4.3. Let J be an almost complex structure on M compatible with ω. Let B ε → T M ε → M be the ε-ball subbundle of the tangent bundle (with respect to the Riemannian metric given by J). We need the following parametrized version of the Darboux theorem: Proof: We start with the exponential map associated to the Riemannian metric,
Then exp * ω ∈ Ω 2 (T M ε ) and we have a map
, where the latter space consist of 2-forms evaluated only on the vectors tangent to the fibers of T M ε . In other words, this is a space of sections of the vector bundle over M whose fibers are 2-forms on the fibers of T M ε , that is
defines a morphism of vector bundles
It is well defined because U (n) acts linearly on B ε . Since the ball B ε is contractible then the map d is surjective. The bundle P × U(n) Ω 2 (B ε ) has an obvious section ω 0 : M ∋ m → [p, ω 0 ], where ω 0 is the standard symplectic form on B ε . Let's consider the section
We can assume (after possibly composing exp with a linear automorphism of T M ε ) that the above section is equal to zero when restricted to the zero section of T M ε . Because the map d is surjective we can find a section σ of
Moreover, σ can be chosen so that it vanishes along the zero section of T M ε . Indeed, if σ ′ is any such section, then we take
, in the pesence of symplectic form in each fiber (the constant section ω 0 ) the section σ gives rise to the section of
where X(B ε ) denotes vector fields on B ε . In other words we get a vector field on T M ε tangent to the fibers. Moreover, this vector field is trivial along the zero section. Take the flow ψ t of this vector field (and smaller ε if necessary). We obtain that
Notice that when restricted to a fiber of T M ε the above agrument reduces to the standard proof of the Darboux theorem [MS, Theorem 3.15 ]. Finally we define φ := exp • ψ 1 . Then for an inclusion of the fiber i m :
In general we define a twisted family of embeddings of F into M parametrized by B to be a map φ : E → M , where F → E → B is a bundle and φ restricted to every fiber is an embedding. This is in contrast to the usual notion of a family of maps where the domain is always a product. Thus the map φ : T M ε → M in the above proposition is an example of a twisted family of symplectic embeddings. This notion is proved useful below in the proof of Lemma 4.3. The idea is that after restricion of the parameter space the twisted family becomes trivial, i.e. a usual family. Proof: Take the pull back bundle
The twisted family of symplectic embeddings is now defined by φ• f :
Remark 4.6 We call the above facts thickening property because they say that given any map we can always "thicken" it to get a twisted family of embeddings of symplectic balls.
Proof of Lemma 4.3: Let s ∈ π k (M ). According to Corollary 4.5, we have a map φ : s * T M ε → M such that its restriction to each fiber is symplectic embedding. If the bundle s * T M ε is trivial then it defines an element of π k (Emb(B ε , M ) ). Notice that the rational homotopy of the structure group of s * T M ε (which is Sp(4, R)) is equal to the exterior algebra Λ(c 1 , c 2 ), where c i is of degree 2i − 1. Thus in degrees different from 2 and 4 we get that ks * (T M ε ) is trivial, where k ∈ Z. It means that
is surjective for k = 2, 4. In degree 4 it is also true because there is no nonzero degree map S 4 → M , where M is symplectic 4-dimensional manifold. In degree 2, we have an obvious dependence on the corresponding Chern classes.
Final remarks
1. It is very likely that the assumption in Theorem 1.2 saying that the manifold is not blow up of neither rational or ruled surface can be weakened. Then one has to put more work to show that for every compatible almost complex structure there exist embedded exceptional curve (cf. Proposition 2.6 in [LP] ).
2. Theorem 1.2 can be proved in slightly another way. Namely, it is possible to prove that the map π k (Symp U(2) (M, B ε )) → π k (Symp(M, pt)) is a surjection. This together with Lemma 4.2 proves the theorem. I learned this argument from François Lalonde.
3. Notice that the infinite dimensional part of the rational homotopy of the symplectomorphism group detected by Theorem 1.2 is robust. That is it survives when we embed symplectomorphisms into homeomorphisms or even into homotopy equivalences.
4. Although the rational cohomology ring of the group of symplectomorphisms is infinitely generated, it does not mean that the topology of this group cannot be understood. The hope is that there is more structure. Namely, there is the Pontriagin product on homology and with respect to it the homology may be finitely generated. Thus the more appropriate structure to investigate in topology of symplectomorphism groups is is their homology with the Pontriagin product.
5. Similarly, cohomology ring of the classifying space need not be infinitely generated in this case. If it is the case then it means that there is a lot of nontrivial fibrations with trivial characteristic classes.
